Within one loop approximation, the renormalization group analysis of the Higgs boson mass is performed with an initial condition m H = √ 2m W which is presented in the new scheme of our noncommutative differential geometry for the reconstruction of the standard model. This initial condition is strongly suggested to hold at energy of the GUT scale because sin 2 θ W = 3/8 is obtained under same conditions. The physical mass of the Higgs boson considerably depends on the top quark mass m top since the top quark Yukawa coupling constants gives a large negative contribution to β function of the Higgs quartic coupling constant in wide range. The Higgs boson mass varies from 131.85GeV to 200.58GeV corresponding to 152GeV ≤ m top ≤ 197GeV. We find m H = 162.45GeV for m top = 174GeV.
Introduction
Noncommutative differential geometry (NCG) on the discrete space such as M 4 × Z 2 and, in general, M 4 × Z N (N = 2, 3, · · ·) ; Minkowski space multiplied by several points space allows one to regard the Higgs field as the gauge field on the same footing as the ordinary gauge field. A number of articles in various versions of NCG [1] - [13] have confirmed this fact by reconstructing the standard model and the grand unified theory (GUT) [3] , [7] , [8] without any theoretical and experimental contradictions. This is because the NCG approach to understand the Higgs mechanism apparently shows the reason for the existence of the Higgs boson field and, in addition, it does not requires any other extra physical mode except for those in the standard model and GUT.
The bosonic Lagrangian of the spontaneously broken gauge theory derived from the NCG approach has the restrictions on the gauge and the Higgs quartic coupling constants. These restrictions yield the numerical estimate of the Weinberg angle and the mass relation between the Higgs boson and other particle such as gauge boson and top quark, though these relations hold only in tree level. Several works have been done [11] , [12] to estimate the quantum effects of these relations by assuming them to hold at some renormalization point. Shinohara, Nishida, Tanaka and Sogami [12] have recently calculated in a very clear formulation the renormalization group (RG) evolution of the mass relation m H = √ 2m top for the Higgs boson and top quark, which was proposed by Sogami [13] in a variant of NCG with the generalized covariant derivative with gauge and Higgs boson fields operating on the total fermion field.
Since Connes proposed the first idea [1] concerning NCG, many versions of the NCG approach [2] - [13] have appeared to understand the Higgs mechanism, among which the present author [6] , [7] has also proposed a characteristic formulation of NCG. Our formulation of a NCG is a generalization of the usual differential geometry on an ordinary manifold to the discrete manifold M 4 × Z N . The reconstruction of SO(10) GUT [8] and left-right symmetric gauge model [9] had been already performed according to our NCG scheme. In a NCG on M 4 × Z 2 , the extra differential one-form χ in Z 2 is introduced in addition to the usual one-form dx µ in M 4 , and therefore our formulation is very similar to ordinary differential geometry, whereas, in Connes'original one and his follower's NCG, the Dirac matrices γ µ and γ 5 are used to describe the generalized gauge field. In a NCG, the gauge and the Higgs boson fields are given as coefficients of dx µ and χ in the generalized connection on M 4 × Z 2 , respectively. However, there is no symmetry to mix dx µ and χ, and, therefore, the ordinary gauge field can not be transformed to the Higgs boson field. In Ref. [10] , three generations of fermions including left and right-handed quarks and leptons and the strong interaction are incorporated in a new scheme of our NCG to reconstruct the standard model. By setting coupling constants on the y = + and y = − planes with an argument y(= ±) in Z 2 to be equal, we could obtain sin 2 θ W = 3/8 and m H = √ 2m W . Following Shinohara and co-workers [12] , we will perform in this article the RG analysis of the mass relation m H = √ 2m W for the gauge and Higgs bosons, which is strongly suggested to hold at the energy of GUT scale. In other version of NCG including Sogami's approach [13] , the mass relation between the Higgs boson and top quark is presented, whereas ours is the mass relation between the Higgs and charged gauge bosons. This is because the Yukawa coupling constants written in matrix form in the generation space are not contained in the generalized gauge field in our formulation.
This article consists of five sections. The next section presents the brief review of our new scheme of a NCG in Ref. [10] which incorporates the strong interaction. In the third section, the reconstruction of the standard model based on the new scheme of our NCG presented in the second section is reviewed. A characteristic point is to take the fermion field to be a vector in 24-dimensinal space containing color and three generations indices. The fourth section includes the numerical estimation of the RG evolution of the mass relation m H = √ 2m W on the assumption that it holds at a energy of GUT scale. The last section is devoted to concluding remarks.
2
Our NCG on
We review our previous formulation [10] proposed to reconstruct the standard model in which three generations of left and right-handed quarks and leptons are taken into account and also the strong interaction is incorporated. A characteristic point of this formulation is to take the left and right-handed fermions ψ(x, y) with arguments x and y(= ±) in M 4 and Z 2 , respectively as
where subscripts L and R denote the left-handed and right-handed fermions, respectively and superscripts r, g and b represent the color indices. It should be noticed that ψ(x, y) has the index for the three generation and so do the explicit expressions for fermions on the right hand sides of Eq.(2.1). In the strict expressions, u, d, ν and e in Eq.(2.1) should be replaced by
respectively. Thus, ψ(x, ±) is a vector in the 24-dimensional space. In order to construct the Dirac Lagrangian of standard model corresponding to ψ(x, ±) in Eqs.(2.1), we must need 24-dimensional generalized covariant derivative composed of gauge and Higgs fields on M 4 × Z 2 . This is achieved by developing a NCG on the discrete space in the follows. Let us start with the equation of the generalized gauge field A(x, y) written in one-form on the discrete space M 4 × Z 2 . 
Here dx µ is ordinary one-form basis, taken to be dimensionless, in Minkowski space M 4 , and χ is the one-form basis, assumed to be also dimensionless, in the discrete space Z 2 . If the operator ∂ y is defined as
Eq.(2.6) is rewritten as 10) just in the same form as in Eq.(2.5). The operator ∂ y is a difference operator on the discrete space with the modification by M (y). M (y) in Eq.(2.9) is required because a i (x, +) and a i (x, −) are in general square matrices with different degree and, therefore, M (y) ensures the consistent calculations of matrices.
We have introduced x-independent matrix M (y) whose hermitian conjugation is given by M (y) † = M (−y). The matrix M (y) determines the scale and pattern of the spontaneous breakdown of the gauge symmetry. Thus, Eq.(2.8) means that the color symmetry of the strong interaction does not break spontaneously.
In order to find the explicit forms of gauge and Higgs fields according to Eq.(2.3), we need the following important algebraic rule of non-commutative geometry.
where f (x, y) is a field defined on the discrete space such as a i (x, y), gauge field, Higgs field or fermion fields. It should be noticed that Eq.(2.11) does not express the relation between the matrix elements of f (x, +) and f (x, −) but insures the product between the fields expressed in differential form on the discrete space. Using Eq.(2.11) and some other algebraic rules in Eqs.
where
14)
A µ (x, y), Φ(x, y) and G µ (x) are identified with the gauge field in the flavor symmetry, Higgs fields, and the color gauge field responsible for the strong interaction, respectively. In order to identify A µ (x, y) and G µ (x) with true gauge fields, the following conditions have to be imposed.
where g s is a constant related to the coupling constant of the strong interaction.
Before constructing the gauge covariant field strength, we address the gauge transformation of a i (x, y) and b j (x) which is defined as
where g f (x, y) and g c (x) are the gauge functions with respect to the flavor unitary group and the color SU(3) c group, respectively. It should be noticed that g c (x) can be taken to commute with a i (x, y) and M (y) and at the same time g f (x, y) is taken to commute with b j (x). g f (x, y) and g c (x) commute with each other. Then, we can get the gauge transformation of A(x, y) to be 
with the operator ∂ y defined in Eq.(2.9). Using Eqs.(2.19) and (2.20), we can find the gauge transformations of gauge and Higgs fields as 
24) which makes it obvious that
is un-shifted Higgs field whereas Φ(x, y) denotes shifted one with the vanishing vacuum expectation value. In addition to the algebraic rules in Eqs.(2.4)-(2.8) we add one more important rule that
which yields together with Eqs.(2.4)-(2.8) the nilpotency of the generalized exterior derivative d;
with the condition dx µ ∧ χ = −χ ∧ dx µ . In proving the nilpotency, the following rule must be taken into account that whenever the d χ operation jumps over M (y), minus sign is attached, for example
(2.28)
With these considerations we can construct the gauge covariant field strength.
where F (x, y) and G(x) are the field strengths of flavor and color gauge fields, respectively and given as
where it should be noted that dA(x, y)
are followed because of the nilpotency of d and d. We can easily find the gauge transformation of F (x, y) as
where g(x, y) = g f (x, y)g c (x). The algebraic rules defined in Eqs.(2.4)-(2.11) and (2.26) yield
Y (x, y) in Eq.(2.35) is auxiliary field and expressed as
which may be independent or dependent of Φ(x, y) and/or may be a constant field. In contrast to F (x, y), G(x) is simply denoted as
With the same metric structure on the discrete space M 4 × Z 2 as in Ref. [6] that
we can obtain the gauge invariant Yang-Mills-Higgs Lagrangian (YMH)
where g y is a constant relating to the coupling constant of the flavor gauge field and Tr denotes the trace over internal symmetry matrices including the color, flavor symmetries and generation space. The third term on the right hand side is the potential term of Higgs particle. The fermion sector of the standard model was also reconstructed in Ref. [10] . However, it is not presented in this article because it is not necessary to perform the RG analysis. With these preparations, we can apply the formulation in this section to reconstruction of the Yang-Mills-Higgs Lagrangian in the standard model.
3
Reconstruction of standard model
According to a NCG in the previous section, the standard model is reconstructed. This section is also the review of Ref. [10] . The gauge fields A µ (x, y) and G µ (x) in the covariant derivative must be the differential representation of the fermion fields in Eqs.(2.1) and (2.2) and, therefore, they are expressed in 24 × 24 matrices. The Higgs field Φ(x, y) is also taken to give the correct Yukawa interaction in the Dirac Lagrangian and expressed in the 24 × 24 matrix. We specify A µ (x, y), Φ(x, y) and G µ (x) in Eq.(2.12) as follows:
where A
and B µ are SU (2) L and U(1) gauge fields, respectively and so τ k is the Pauli matrices. 1 3 represents the unit matrix in the generation space and a is the U(1) hypercharge matrix corresponding to ψ(x, +) in Eq.(2.1) and expressed as
where b is the U(1) hypercharge matrix corresponding to ψ(x, −) in Eq.(2.1) and so it is 8 × 8 diagonal matrix expressed in
where λ ′a is 4 × 4 matrix made of the Gell-Mann matrix λ a by adding 0 components to fourth line and column. Higgs field Φ(x, y) is represented in 24 × 24 matrix by
Corresponding to Eq.(3.7), symmetry breaking function M (y) is given by
It should be noted that G µ is taken so as to commute with A µ (y) and Φ(y). With these specifications, all quantities needed to express the explicit expression of F (x, y) in Eq.(2.29) can be explicitly written down as follows.
10)
12)
where h ′ and c are given as
The matrix c comes from
to insure that Higgs doublet h = (φ + , φ 0 + µ) t has plus one hypercharge andh = iτ 2 h * minus one. V (x, y) in Eq.(2.35) is expressed in
It should be noticed that Y (x, y) in Eq.(2.36) can be estimated by use of Eq.(3.8) to be 
, (3.26)
. (3.27) Equation(3.25) yields the Weinberg angle with the parameter δ = g + /g − to be
The gauge transformation affords the Higgs doublet h to take the form that
which makes possible along with Eqs.(3.20)∼(3.23) to expect the gauge boson and Higgs particle masses.
(3.32)
In the limit of equal coupling constant g + = g − , sin 2 θ W = 3/8 is followed, which is the same value expected by the SU (5) and SO(10) GUTs. This fact makes possible to expect that the limit of g + = g − yields the relations that hold at the grand unification scale. Thus, from Eqs. (3.30)-(3.32) , we obtain the mass relation m H = √ 2m W which is expected to be hold at the energy of GUT scale. In the next section, in order to predict the physical Higgs mass, we will perform the RG analysis with the initial condition m H = √ 2m W at the energy of GUT scale.
Numerical estimation of the Higgs mass
In order to perform the RG analysis, the renormalizable Lagrangian is necessary. We have the Yang-MillsHiggs Lagrangian of the standard model expressed in Eq.(3.20). However, it has the special restriction on the gauge couplings and the Higgs quartic coupling which yield the mass relation for the Higgs and gauge bosons. In a sense, the restriction on coupling constants is an obstacle for renormalizability. Thus, we consider that the NCG approach provides the Lagrangian at some renormalization point. The more general Lagrangian is obtained by adding the term for the Higgs potential considered by Sitarz. He defined the new metric g αβ with α and β running over 0, 1, 2, 3, 4 by g αβ = diag(+, −, −, −, −). The fifth index represents the discrete space Z 2 . Then, dx α = (dx 0 , dx 1 , dx 2 , dx 3 , χ) is followed. The generalized field strength F (x, y) in Eq.(2.22) is written by F (x, y) = F αβ (x, y)dx α ∧ dx β where F αβ (x, y) is denoted in Eq.(2.23). Then, it is easily derived that Tr{g αβ F αβ (x, y)} is gauge invariant. Thus, the term
can be added to Eq. (3.20) . This procedure gives rise to the Lagrangian without any restriction on Higgs quartic coupling constants. In this article, we assume that this Sitarz term vanishes at a point that Eqs.(3.25)-(3.27) hold and perform the renormalization group analysis by adopting the mass relation m H = √ 2m W as an initial condition which holds at a renormalization point giving g + = g − in Eq.(3.25). In this context, the way to obtain the BRST invariant Lagrangian of speontaneously broken gauge theory in NCG has alredy presented by Ref. [14] and [15] , which includes the Fadeef-Popof ghosts and NakanishiLautrup field for the gauge fixing. Thus, we can obtain the β functions for various coupling constants in the standard model just as already done. [16] Shinohara, Nishida, Tanaka and Sogami [12] have estimated the Higgs boson mass by changing the renormalization point µ 0 at which the mass relation m H = √ 2m top holds and obtained the result that m H approaches to m top from the upper side for large values of µ 0 . Following Sinohara and co-workers, the RG equations for coupling constants and the vacuum expectation value of the Higgs field are used to estimate the physical Higgs boson mass. In our case, the renormalization point at which the mass relation m H = √ 2m W holds is determined by looking for the point giving the relation g 2 = (5/3)g
′2
which results in sin 2 θ W = 3/8. Let us start by writing the RG equations for coupling constants in the standard model. With notations
for SU(3) c , SU(2) L and U(1) Y gauge coupling constants, respectively, the RG equations are written as
where [16] 
, (4.5)
with the generation number n f . The RG equation of the quartic Higgs coupling constant λ is expressed as
A e , A u and A d in Eq.(4.8) are the Yukawa coupling constants written in 3 × 3 matrices for the lepton, up quark and down quark sectors, respectively. In view of the large top quark mass in the low energy region, we now assume the top quark dominance in the evaluation of traces with respect to the Yukawa coupling constants in Eq.(4.8). In this approximation, β H is rewritten [16] as
with the definition that
α Y is subject to the following RG equation. 11) where the β−function is given as
The RG equations for α i (i = 1, 2, 3) in Eq.(4.3) are analytically solved for n f = 3 and the solutions are given as
14) 15) where t = log(µ/µ 0 ). By use of these solutions, the RG equation for α Y can be solved to be 16) where the function F (t) is defined [19] as 
are given by use of the vacuum expectation value v. Top quark mass is also expressed with v as
In order to analyze the RG evolution of these masses, we need the RG evolution of v. It is given [16] in the following equation.
with the same approximation as in the equations for coupling constants. It should be noted that all variables in Eqs. 
(4.21) with t = log(µ/µ 0 ). In these RG equations, we take the renormalization point µ 0 to be the neutral gauge boson mass m Z = 91.187GeV [17] . Thus, we must determine the gauge coupling constants in Eqs. 
Concluding remarks
The RG analysis has been carried for the Higgs boson mass by adopting the initial condition m H = √ 2m W which was presented in the new scheme of NCG for the reconstruction of the standard model and is strongly suggested to hold at energy of the GUT scale. The numerical mass of the Higgs boson considerably depends on the top quark mass since the top quark Yukawa coupling constants α t gives a negative contribution to β H in the range of −2.0 ≤ t ≤ 25 in Eq.(4.9). We have the initial condition m H = √ 2m W at t = 25.431 and the calculation has performed down to t = −2. The larger top quark mass is, the larger Higgs boson mass we have as in Fig.2 . If we adopt 174GeV as top quark mass, the Higgs boson mass becomes 162.45GeV which is smaller than that predicted by Sinohara et.al. and is sufficiently within the energy range of LEP II accelerator.
Generally speaking, the NCG approach provides the Yang-Mills-Higgs Lagrangian with the restrictions on gauge and Higgs quartic coupling constants. Our mass relation m H = √ 2m W is with respect to gauge and Higgs boson masses, whereas other version of NCG [4] , [11] including Sogami's approach [13] present the mass relation between the Higgs boson and top quark. This is because the Yukawa coupling constants written in matrix form in the generation space are not contained in the generalized gauge field in our formulation. This aspect is a characteristic point of our approach compared to others. This is due to the introduction of one-form basis d µ in M 4 and χ in Z 2 instead of γ µ and γ 5 . This leads to the meaningful Higgs potential even in one fermion generation and the mass relation for the Higgs and gauge bosons. Therefore, we predict relatively small Higgs boson mass as seen in this article.
Calculations have performed within one loop approximation and top quark dominance is assumed in the whole range of t = log(µ/m Z ) in the RG equations for β functions. Though there are fairly uncertainties with respect to Yukawa coupling constants for three generations of fermions, it is very interesting to analyze the RG equations for the Higgs boson mass in two loop approximation. This will be attempted in future work.
